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Abstract 
The current state of knowledge concerning the existence of blocking set free configurations is 
given together with a short history of this problem which has also been dealt with in terms of 
digraphs without even dicycles or 3-chromatic hypergraphs. The question is extended to the 
case of nonsymmetric configurations (u,, b3). It is proved that for each value of I > 3 there are 
only finitely many values of u for which the existence of a blocking set free configuration is still 
unknown. 
1. Introduction 
In the language of configurations the existence of blocking sets was investigated in 
[3, 93 for the first time. Further papers [4, 201 yielded the result that the existence 
problem for blocking set free configurations v3 has been nearly solved. There are only 
8 values of v for which it is unsettled whether there is a blocking set free configuration 
~7~: u = 15,16,17,18,20,23,24,26. 
The existence of blocking set free configurations is equivalent to the existence of 
certain hypergraphs and digraphs. In these two languages results have been obtained 
much earlier. In Section 2 the relations between configurations, hypergraphs, and 
digraphs are exhibited. Furthermore, a nearly forgotten result of Steinitz is described 
In his dissertation of 1894 Steinitz proved the existence of a l-factor in a regular 
bipartite graph 20 years earlier then Kiinig. 
In Section 3 a short description of the history of the problem in all three languages 
(configurations, hypergraphs, and digraphs) is given. The search for certain configura- 
tions v3 is embedded in the more general problem of deciding for which values 
of k a blocking set free configuration is possible at all. The important result of 
Thomassen [25] which answered a question posed by Lo&z nearly 20 years earlier 
and which is closely related to the so-called Lo&z Local Lemma contained in [S]. 
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The problem of deciding whether for given v, r, and b there is a blocking set free 
configuration (v,, b3) is partially solved in Section 4 by proving that for each value of 
r there are only finitely many undecide cases. Thus the situation for r = k = 3 is 
principally the same as for r > k = 3. 
Section 5 gives an outlook to future research by pointing out further relations to 
other mathematical theories. 
2. Configurations-hypergraphs-digraphs 
2. I. Configurations and hypergraphs 
Configurations are one of the oldest combinatorial structures defined already in 
1876 by Reye in his book Gemetrie der Lage. A short description of the history of 
configurations is given in [8]. 
Definition 2.1. A conjiguration (v,, bk) is a finite incidence structure with v points and 
b lines such that 
(i) each line contains k points, 
(ii) through each point there are r lines, and 
(iii) through two different points there is at most one line. 
If v = b and hence r = k the configuration is called symmetric and denoted by vk. 
While the investigation of configurations already yielded interesting results quite 
early, graph theory started much later as a theory of its own. Even some early results 
in graph theory were obtained in the language of configurations (see e.g. [ll, 141). For 
further relations of configurations and graphs which are not mentioned in this paper 
see [12, 151. 
However, the results in the theory of configurations were nearly forgotten until 
recently. On the other hand, graph theory developed very well and became one of the 
most important mathematical theories, especially during the last thirty years. 
So it happened that the term hypergraph was introduced as a word for a structure 
which generalizes the concept of a graph but is very similar to what was called 
configuration or tactical configuration long before. 
Definition 2.2. A hypergraph H = (V, E) consists of a set of vertices V and a set of 
hyperedges H where each hyperedge is a nonempty subset of V. 
Definition 2.3. A hypergraph is called 
(a) k-unzyorm if the size of all hyperedges is k, 
(b) r-regular if each vertex is incident with exactly t hyperedges, and 
(c) linear if the intersection of two different hyperedges is at most one vertex. 
Hence a configuration is a linear regular uniform hypergraph. 
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2.2. Systems c$distinct representatives 
In order to transform a hypergraph into a digraph it is necessary to select one vertex 
in each hyperedge as its representative. The necessary conditions which must hold in 
order to find such a system of distinct representatives are described in the famous 
marriage theorem of P. Hall (1935). In the situation of this paper where all the 
hypergraphs are regular and uniform, however, a weaker result is sufficient. 
Theorem 2.4 (Kiinig [lS]). A regular bipartite graph bus a lYfuctor. 
This theorem was formulated by Kiinig in a talk in Paris in 1914 (published in 1923 
[19]) as follows. 
Chaque graphe rkgulier g circuits pairs possede un facteur du premier degri: 
The same result was published by KGnig in 1915 in German [18]. In order to apply 
this result here the bipartite graph is defined such that the two bipartition sets of 
vertices are the vertex set and the hyperedge set of the hypergraph where an edge 
connects two vertices in the graph when the corresponding vertex and the hyperedge 
are incident in the hypergraph (cf. e.g. [12]). 
It is nearly unknown that the same result was proved in 1894 in the dissertation 01 
Steinitz [23] and already stated by Martinetti in 1887. While the results of Steinitz iI: 
the theory of fields and the theory of polyhedra are well known it is rather unknown 
that in his early years he investigated configurations. Steinitz proved the following 
theorem which says (in the language of graph theory) that every IL-regular bipartite 
graph can be partitioned into p l-factors. 
In dem Schema einer jeden Cf. n, lassen sich die Elemente innerhalb der Colonnen 
in der Weise anordnen, dass jede Horizontalreihe jedes der Elemente 1, 2. , tr 
einmal (und also such nur einmal) enthglt. 
A more detailed report on the results of Kiinig and Steinitz can be found in [14]. 
2.3. Hypergvaphs as digraphs 
Definition 2.5. A digraph D = (V, A) consists of a set of vertices V and a set of arcs 
A where the arcs are ordered pairs of different vertices. If a vertex occurs d, times as 
first coordinate and di times as second coordinate, d, and di are called outdegree and 
indegree of this vertex. Each arc (u, t.) is represented by an arrow from u to v. u is said 
to dominate V. If for all vertices the indegrees and the outdegrees are equal to 
a constant d, the digraph is called d-diregular. 
Lemma 2.6. Each k-uniform k-regular hypergraph with the same number of vertices and 
hyperedges can be transformed into II (possibly not unique) (k - 1)-diregular digraph. 
362 H. Groppl Discrete Mathematics 1651166 (1997) 359-370 
Proof. Take the k-uniform k-regular hypergraph. By using the result of Steinitz [23] 
choose one vertex Uj in each hyperedge hj such that all these vertices vj are distinct. 
Now define the digraph as follows. The set of vertices is the set of vertices of the 
hypergraph. Draw an arc from the representative of each hyperedge to all the other 
vertices in this hyperedge. 
Although this procedure is very simple it seems to be rather unknown. An early 
description of this method is given by Fried and Sos in [6] where in the language of 
lattices it is proved that the selection of representative points on each line of the 
projective plane of order 3 can yield three nonisomorphic so-called WU-systems 
which, in fact, are the digraphs described above. 0 
2.4. Digraphs as hypergraphs 
It is easy to see that the reverse procedure transforms a digraph into a hypergraph. 
Just define a hyperedge associated with each vertex containing the vertex itself and all 
those vertices which are dominated by the associated one. While the transformation of 
a hypergraph into a digraph is only possible for certain hypergraphs (see above) the 
reverse procedure always leads to a unique hypergraph. If the underlying digraph is 
d-diregular the obtaied hypergraph is (d + 1)-uniform and (d + 1)-regular. 
3. Blocking set free configurations n3 
3.1. The equivalence of certain conjigurations, hypergraphs, and digraphs 
Definition 3.1. (i) A blocking set in a configuration is a subset of points which 
intersects each line in at least 1 and at most k - 1 points. 
(ii) If the vertices of a hypergraph can be coloured with two colours such that no 
hyperedge is monochromatic the hypergraph is called 2-chromatic. 
(iii) An even dicycle in a digraph is a dicycle of even length. 
The following equivalences of combinatorial problems are not proved here. They 
are due to Thomassen (see [24]) and proved in detail in [ZO]. 
Lemma 3.2. The following are equivalent. 
(i) A conjiguration vk is blocking set free. 
(ii) The corresponding hypergraph is not 2-chromatic. 
(iii) The corresponding digraph has no even dicycle. 
In the following it will be shown how results were obtained in the three languages of 
configurations, hypergraphs, and digraphs in order to answer the following main 
questions: 
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Question 3.3. For which values of k can the existence of a blocking set (or a 2-colouring 
or an even dicycle) be guaranteed in general? 
Question 3.4. Given the result of the previous question, for which values of v, r, and k is 
there at least one blocking setfree configuration (v,, bk) (or a corresponding hypergraph)? 
3.2. The 2-colouring of hypergraphs 
The first results which are related to the problems of this paper seem to be 
contained in Seymour [22] who investigated the 2-colouring of hypergraphs. 
Seymour showed that a minimally non-2-colourable hypergraph has at least as many 
hyperedges as vertices and characterized those where the number of vertices and 
hyperedges is equal. 
In a more general context the problem of 3-chromatic hypergraphs was discussed 
by Erdijs and Lovasz [SJ. By applying the so-called Lovasz Local Lemma it was 
possible to give a first answer to the following question. 
Question 3.5. For which values of d are all d-uniform d-regular hypergraphs 2-colourabler 
The results of [S] imply d 3 9. This was improved by Alon and Bregman [l] who 
showed that every 8-uiform g-regular hypergraph is 2-colourable. 
Concerning the problem to construct 3-uniform 3-regular hypergraphs which are 
not 2-colourable the first results seem to be due to Bollobas and Harris [2]. They state 
that 
surprisingly, there seem to be rather few 3-chromatic, 3-regular, 3-uniform hyper- 
graphs. 
By using the projective plane of order 2 as basic hypergraph Bollobas and Harris 
constructed infinitely many new 3-chromatic hypergraphs by means of two operations 
which are equivalent to the ‘merging’ operation later used in [3] and the odd cycle 
construction used by Thomassen and Kornerup in the language of digraphs. So they 
obtained examples for every odd order at least 31. They give nice drawings for v = 13 
and v = 21. The authors of [2] mentioned that 
it would be tempting to suggest that all 3-chromatic, 3-regular, 3-uniform hyper- 
graphs are of odd order, though there seems no reason why this should be so. 
In fact, in the paper of Dorwart and Grtinbaum [4] such a conjecture would have 
been disproved. 
3.3. The even cycle problem in digraphs 
In the language of digraphs the first contribution to the problems discussed here 
seems to be a paper of Koh [17]. Koh formulated the question mentioned above in the 
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language of digraphs as Lovasz’s problem which was communicated to Koh by C. 
Berge in 1975. 
Question 3.6 (Lovasz). Is there a number k such that if0 is a digraph with Id(v) 2 k and 
Od(v) 3 k Vor each v in D) then D has an even elementary circuit? The conjecture is 
‘k = 2’. 
Id and Od are abbreviations for indegree and outdegree. In the language of 
hypergraphs the conjecture is d = 3. 
Koh disproved this conjecture by providing a certain digraph D(7) as a 
counterexample. By showing that this D(7) has no even elementary circuit although 
Id(v) = Od(v) = 2 for all vertices v Koh proved in the language of digraphs a 
result which is equivalent to the fact that the Fano configuration has no blocking 
set. The last sentence of Koh’s paper says that there are infinitely many counter- 
examples 
by attaching any finite number of copies of D(7) in a suitable way, e.g. digraphs in 
Fig. 4. 
Thus he described the later results of Bollobas and Harris [2] and DiPaola and 
Gropp [3] in the language of digraphs and gave a symbolic representation in terms of 
touching circles in the plane which, however, seems not to be suitable for bigger 
examples. 
Friedland [7] proved that every 7-regular digraph contains an even cycle. This 
result is equivalent to the one obtained by Alon and Bregman one year earlier in the 
language of hypergraphs. 
Now there was still a gap between this best known result and the new conjecture 
that k should be 3. Finally, Thomassen [25] proved that every 3-diregular digraph has 
an even dicycle. 
This result left open the existence of 2-diregular digraphs without even dicycles. 
Thomassen gave the construction of such digraphs where the number of vertices 
v is an ‘odd’ sum v = vi + v2 + ... + vZr+ 1 such that there are already suitable 
smaller digraphs with the required property and Vi vertices. This method is 
equivalent to the one mentioned in [2] and will be referred to as the ‘odd cycle 
construction’. 
Using the already obtained results in the language of configurations this left only 13 
values of v undecided: 
v = 15, 16, 17, 18,20,23, 24, 26,29, 30, 32, 38,44. 
By constructing 3 special digraphs with 29, 30, and 32 vertices (which imply the 
existence of those with 38 and 44 vertices) Kornerup [20] reduced the number of 
unknown cases to 8. 
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3.4. Blocking sets in conjgurations n3 
In the language of configurations the existence of blocking sets was first discussed in 
[3,9]. The only configuratons u3 for v d 14 which are blocking set free are the Fano 
configuration 7, and a certain configuration 133. In [3] it is shown how the blocking 
set free configuration 133 can be built up by ‘merging’ two Fano configurations. This 
method is generalized to obtain blocking set free configurations v3 for all 
1! = 1 (mod 6). There are at least 4 configurations 193 and at least 19 configurations 
253 which are blocking set free. A special notation is introduced to describe all the 
blocking set free configurations in terms of a directed tree where the vertices are 
labelled by incidence structures (see 131). 
A certain configuration 223 in [4] is blocking set free which yields (by using this 
merging construction) blocking set free configuratons c’~ for all c = 1 (mod 3), 
11 # 10, 16. 
3.5. Recent results 
Combining all the results obtained until now in any of the 3 languages the situation 
can be summarized as follows. 
Corollary 3.7. There is no blocking set free configuration u3 for u = 8,9, 10, 11, 12. 14. 
There is a blocking set free co$guration v3 for all c 2 27 and additionally .fiw 
2: = 7, 13, 19, 21,22, 25. 
There are some other problems related to configurations v3 which have not very 
much been solved until now. 
Remark 3.8. (i) Only for 2j d 14 the number of nonisomorphic blocking set free 
configurations vj is known. 
(ii) Until now all known blocking set free configurations L’~ can be constructed by 
using a certain number of Fano configurations 7, as base components in a certain 
way. 
(iii) The notation to describe a blocking set free configuration v3 in a short way (see 
[3]) should be extended to the new types of configurations constructed so far. 
4. Nonsymmetric blocking set free configurations 
4. I. The general situation 
In the following the question of the existence of blocking sets will be extended to 
nonsymmetric configurations (v,, bk). For reasons of convenience the language of 
configurations is used. It seems that apart from the early result of Seymour that the 
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number of hyperedges is at least the number of vertices and the very important general 
result of Thomassen in the language of digraphs no results have been obtained so far 
in hypergraph or digraph theory. 
Theorem 4.1 (Thomassen [25]). Every strongly connected digraph of minimum in- 
degree and outdegree at least 3 contains an even cycle. 
In the language of configurations this theorem implies the following result. 
Corollary 4.2. All symmetric conjgurations vk with k > 4 have a blocking set. 
For k = 2 the problem is equivalent to the existence of regular bipartite graphs and 
will not be discussed here. It was proved in [13] that the obviously necessary 
conditions for the existence of a configuraion (v,, b3) are also sufficient. 
Theorem 4.3 (Gropp [13]). There is a conjiguration (v,, b3) whenever v 3 2r + 1 and 
vr = 3b. 
In the following the question will be discussed for which of these admissible 
parameters v, r, and b there is a blocking set free configuration (v,., b3). Only few 
results concerning configurations (v,, bk) with r > k > 4 have been obtained so far and 
will not be included in this paper. 
To prepare the main theorem of this section let us prove the following well-known 
result. 
Lemma 4.4. A Steiner triple system (i.e. a conjiguration (v,, b3) with dejiciency 0) has no 
blocking set. 
Proof. Since k = 3 a blocking set contains exactly one or two points of each line. 
Consider the partition of the point set into the blocking set and its complement. The 
connections of two different points in each set define at least b0 different lines where 
if v is even, 
if v is odd. 
On the other hand, there are only v(v - 1)/6 lines which is a contradiction for 
v>l. 0 
Definition 4.5. The blocking set index B of a configuration (v,., b3) is defined as 
B = b + e - b,, where b is the number of lines, e is the number of edges of the 
configuration graph (e = dv/2, d is the deficiency of the configuration), and b0 as 
defined above. 
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Lemma 4.6. If the blocking set index of a conjiguration (v,, b3) is negative the configuru- 
tion must be blocking set free. 
Proof. Consider again the partition of the point set into the blocking set and its 
complement. There are at least b0 connections of two different points which can be 
realized as configuration lines or edges in the configuration grah. If B is negative, i.e. 
h + r < b, this is a contradiction. 0 
For configurations with blocking set index 0 the following result holds. 
Lemma 4.7. The unique conjiguration S3 has a blocking set. There are blocking set jtee 
conjigurations for all other parameter sets with blocking set index 0, i.e. conjigurutions 
(v,, bk) with v = 8w, r = 3w, b = 8w2 for w > 2. 
Proof. The case of the unique configuration g3 is described in [9]. In all the other 
cases consider the configuration graph. If this graph is not connected and can be 
partitioned into two parts of v/2 vertices each such that there is no edge joining the 
two parts the corresponding configurations have a blocking set, otherwise not. 
In the smallest case of the configurations (166, 32,) there are exactly 21 cubic 
graphs with 16 vertices such that their configurations have a blocking set (choose one 
cubic graph on 8 vertices for both parts), all the other graphs lead to blocking set free 
configurations. For bigger values of w it is possible in the same way to partition the 
vertex set and choose a nonconnected graph as configuration graph. [7 
If the blocking set index is positive it depends on the properties of the configuration 
graph whether the configuration has a blocking set or not. Before discussing special 
examples it seems to be convenient to recall the definition of the bisection width of 
a graph. 
Definition 4.8. The bisection width of a graph G is the minimal number of edges 
joining two disjoint sets of vertices 1/i and I/, with (VI 1 = 1 if21 = c/2 where the 
minimum is taken among all possible bisections of the vertex set. It is denoted by 
bw(G). 
In [lS] the relations between the bisection width of a regular graph and the 
existence of corresponding configurations and their blocking sets is elaborated fur- 
ther. The result is that if the bisection width of the graph is smaller than the blocking 
set index there is no configuration which has G as its configuration graph. Otherwise, 
configurations are blocking set free iff the bisection width of G is greater than the 
blocking set index. 
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4.2. Configurations (IZ,, 163) 
The case of configurations (124, 163) plays an interesting role for the existence 
problem of blocking sets. Recently [lo], it was proved that there are exactly 574 
configurations (124, 163). In [lo] it was also obtained that there are exactly 57 
blocking set free configurations. The blocking set index of a configuration (12,, 163) 
can be computed as B = b + e - b0 = 16 + 18 - 30 = 4. 
A further analysis shows that out of the 94 cubic graphs with 12 vertices there are 
exactly 10 whose configurations are blocking set free. Their bisection width is greater 
than 4. Eighteen graphs do not occur as configuration graphs and are not of interest in 
the context of this paper. Sixty-six graphs are configuration graphs of configurations 
with blocking sets. Their bisection width is at most 4. 
As an example take the following cubic graph with 12 vertices and the following 18 
edges. 
{1,2}, {2,3}, {3,4}, {4,5>, (5, 61, (6,7), {7,8>, (8,919 (9, 101, 
(10, ll}, (11, 12}, (1, 12}, (1,6}, (2,9>, {3,8>, {4, lo>, (5, 111, (7, 12). 
There is exactly one bipartition such that there are only 4 edges joining both sets 
but this is sufficient for the existence of a blocking set of size 6: 
1/r = (1, 5,6, 7, 11, 121, I/, = {2,3,4, 8, 9, lo}. 
4.3. Conjigurations (v,, b3) with r > 4 
Lemma 4.9. The configuration (154, 203) containing the base blocks (0, 1,7} and 
(0, 5, lo} and having (0, 1, . . . , 14) as a cyclic automorphism is blocking set free. 
Proof. Consider the configuration graph of the configuration. There is an edge 
connecting two vertices iff the difference of the vertices is 2, 3, or 4 mod(15). This 
graph has bisection width 18. However, the blocking set index of a configuration 
(154, 203) is B = 20 + 45 - 49 = 16. 0 
Lemma 4.10. There is a blocking set free conjiguration (155, 25,). 
Proof. Take e.g. the configuration obtained by removing the following 10 lines (2 
parallel classes) from STS no. 70 in [21]: 
{1,4, 5}, (29, 12}, (337, 111, (6, 10, 15>, (8, 13, 141, 
{I, 14, 15}, {2,4,6}, (3, 10, 131, {5,9, ll}, (7, 8, 12). 
Its configuration graph consists of the 30 edges which are defined by the 10 
removed lines above. This graph has bisection width 8 whereas 
B = 25 + 30 - 49 = 6. 0 
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4.4. The main theorem 
Finally, the results which have been obtained until now are collected in the 
following theorem. 
Theorem 4.11. For each value of r 3 3 there is a number vO(r) such thatfor all v 3 v,, 
there is a blocking set free configuration (v,, h3) if the parameters are admissible (qf: 
Theorem 4.3). 
Proof. For r = 3 we have v,(3) < 27 (symmetric configurations). For each r 3 4 there 
are blocking set free configurations (t:*, b3) for the 2 smallest values of v. Blocking set 
free configurations (124, 163) and (15,, 253) were constructed in Sections 4.2 and 4.3. 
For r 3 6 the configurations (v~, b3) with the two smallest values of 2: are blocking set 
free because the blocking set index is negative. 
Now the odd cycle construction yields the desired blocking set free configurations 
(u,., h3) for all values of v which are big enough. 0 
The best known bound for q,(r) will be given here only for r = 3 and r = 4. 
Corollary 4.12. The two smallest values of vO(r) are as follows: 
v,(3) G 27, v,(4) d 27. 
The values of v where the existence of a blocking set,free configuration (v,. b3) is still 
unsettled are the following for 3 d Y d 4. 
r=3: r=1.5,16,17,18,20,23,24,26, 
r =4: z’= 18,21,24. 
Remark 4.13. Probably the case of r = 3,~ = 15 is settled by combining two indepen- 
dently obtained results. In an unpublished manuscript Kel’mans and Lomonosov 
claim to have proved that all configurations 153 are Hamiltonian. In [20] Kornerup 
showed that if there is a blocking set free configuration 153, then it is not Hamiltonian. 
5. Conclusion 
At the end of this paper let me mention that the search for blocking set free 
configurations 3-chromatic hypergraphs, and digraphs without even dicycles shows 
that the same combinatorial question can be formulated in different languages and 
attacked by different methods. 
A further equivalent formulation can be given in the language of matrices (see e.g. 
116, 251). A digraph without even dicycle corresponds to a so-called L-matrix 01 
a sign-nonsingular matrix. These matrices are of interest in qualitative economics. 
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A further connection to combinatorial optimization is established via the bisection 
width. So the qualitative question of having a blocking set or not is transformed into 
the computation of a quantity which can be tried by optimization techniques. 
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